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Abstract 

. In the present work the Calderbank-Pedersen description of four dimensional manifolds 

\ with self-dual Weyl tensor is used to obtain examples of quaternionic-kahler metrics with 

Q"^ ' two commuting isometries. The eigenfunctions of the hyperbolic laplacian are found by 

use of Backglund transformations acting over solutions of the Ward monopole equation. 
, The Bryant-Salamon construction of G2 holonomy metrics arising as R bundles over 

fS| ' quaternionic-kahler base spaces is applied to this examples to find internal spaces of the 

■ M-theory that leads to an = 1 supersymmetry in four dimensions. Type IIA solutions 

, will be obtained too by reduction along one of the isometries. The torus symmetry of the 

I ' base spaces is extended to the total ones. 

Oh: 



1. Introduction and the main result. 



The classification of the possible holonomy groups of Riemannian or Pseudo-Riemannian man- 
5^ \ ifolds is an old mathematical problem. In [|l| Berger presented a list of the possible restricted 
holonomy groups of N-dimensional Riemannian manifolds, but after the completion of this work 
it remained to prove the existence of metrics with exceptional holonomies G2 and Spin{7) for 
the seven and eight dimensional cases respectively. This was achieved successfully by Bryant in 
0. In general, if a given Riemannian metric with dimension admits at least one covariantly 
constant spinor satisfying Dii] = the holonomy group will be SU{^) , Sp{^), G2 or Spin{7), 
the last two cases corresponding to seven and eight dimensions. For G2 holonomy manifolds 
there is exactly one. The fact that this spinor exist is apparent from the decomposition 8 = 1©7 
of the spinor representation of the tangent space 5*0 (7). Equivalently, in such manifolds one 
can choose an orthogonal frame e* in which the three octonionic form 

$ = A A A A -h A A A A A A 

-f A e'' A e V A A 

and its dual are closed 0. 

After the Bryant work explicit compact and non-compact G2 holonomy metrics were con- 
structed in IQ and 0, and complete ones in |Q and [0. Recently, new examples have been 
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found in [g, 0, [jig, ig, 0, ig] and |ni. All of them have vanishing Ricci tensor, i.e, 
they are Ricci- flat, and this implies that they are vacuum solutions of the Einstein equation. 
This suggest that the construction of G2 holonomy manifolds is related with the construction 
of seven dimensional self-dual manifolds. The self-duality condition for the spin connection in 
seven dimensions 

I ^ahcd 
Wab = ±^-Wcd 

implies Ricci-flatness and G2 restricted holonomy [jl^ (analogous considerations hold in eight 
dimensions for Spin{7)). Given an anzatz for a metric, this condition gives a system of equations 
to be satisfied in order to have a G2 manifold. Although this equations are non-linear they 
have been solved in cases with suitable symmetries in which the system takes a more simple 
form [0]. 

The main feature that relates this subject to physics is the presence of one nonzero parallel 
spinor field r], which plays a central role in super symmetry, string theory and M-theory. Com- 
pactification of the M-theory (or his low energy limit, the eleven dimensional supergravity) on 
G2 holonomy manifolds leads to an effective four dimensional theory with one supersymmetry, 
corresponding to such spinor field |Tf 



There are in the literature examples of "weak G2 holonomy" [19|, which are again back- 
grounds of the M-theory that give rise to N=l supersymmetry in D = 4. In this case, there is 
an spinor field rj which is not covariantly constant but satisfies Dii] ~ X'-fiT]. The Ricci flatness 
condition is replaced by Rij ~ Xgij. In the limit A ^ one obtain G2 as restricted holonomy 
group. Hitchin has shown that under certain conditions is possible to construct this kind of 



manifolds starting with an Spin(7) holonomy one [16|. 

Compactification of the M-theory based on G2 smooth manifolds cannot give rise to chiral 
matter. In the smooth case the harmonic Kaluza-Klein decomposition of the eleven-dimensional 
supergravity is the N=l four dimensional supergravity coupled Abelian vector multiplets plus 
chiral multiplets. But the chiral matter fields can emerge only if the manifold develops a 



singularity, as pointed out by Witten and Acharya in |^ and . It turns out that to obtain 
a realistic model one should investigate the dynamics of the M-theory over orbifolds. A modern 
description of this dynamics over manifolds that are developing a conical singularities can be 
found in [ETI. Generalizations of the work of Acharya and Witten on singular G2 spaces were 



investigated recently in p3[ , and over spaces with torus symmetry and only orbifold singularities 
in \Mi and 



Certain G2 metrics with two abelian isometrics have called the attention recently ||2^ 



because an U{1) isometry allows an type IIA superstring interpretation upon dimensional re- 



duction to ten dimensions. In p4[ Anguelova and Lazaroiu have extracted the IIA reduction of 
M-theory on certain toric backgrounds, and its type IIB duals. Such IIA solutions corresponds 
to systems of weakly and strongly coupled D6-branes, while the duals describes systems of 
localized and delocalized 5-branes. The G2 spaces presented in those works have been found 
applying the Bryant-Salamon construction with a four dimensional quaternionic base manifold 
with torus symmetry the U{1) x f/(l) isometry is extended to the total space. 

The four dimensional toric quaternionic kahler spaces has been completely described by 



Calderbank and Pedersen |49| in terms of eigenfunctions of the hyperbolic laplacian with eigen- 



value 3/4, namely the solutions of the equation 



The toric G2 cones utilized in were constructed with the so called m-pole eigenfunctions 
which gives rise to spaces that are complete (thus compact) and admits only orbifold singular- 
ities. As such, they seem to be the best candidates with U{1) x f/(l) isometry for which the 
physical analysis of Acharya and Witten can be applied. 

One of the purposes of this paper is to describe how to construct non trivial eigenfunctions 
of the hyperbohc laplacian (and, in consequence, examples of toric quaternionic spaces) starting 
with solutions of the monopole equation 



described by Ward and Woodhouse in In fact, in |^ it has been pointed out that the 



space of solutions of the Ward monopole equation and the Calderbank Pedersen one are related 
by a Backglund transformation, allowing to construct solutions one from another. The Ward 
monopole equation has been investigated in the context of (2+1) gravity and it is known that its 
solutions admits an integral representation in terms of an arbitrary function of one variable. For 
this reason it is possible to find non trivial eigenfunctions of the hyperbolic laplacian selecting a 
function in the integral representations of the monopoles and performing a Backglund mapping. 

The Ward monopoles are also relevant for hyperkahler geometry This is because it is 
possible to construct hyperkahler spaces with torus symmetry starting with a given monopole, in 
analoguous manner as in the Calderbank Pedersen picture. Moreover, in the hyperkahler limit 
the Bryant Salamon construction gives G2 holonomy spaces which are globally the cartesian 
product of the hyperkahler one with E?. For this reason one can construct such spaces starting 
with a monopole, without using a Backglund mapping. The reason for which in the hyperkahler 
limit it is obtained a trivial product with could be easy to visualize: being flat the seven 
dimensional self duality condition becames the four dimensional one for the base space. 

The organization of this paper is as follows: in section 2 it is presented the group G2 as the 
group of automorphisms of the octonions. In section 3 there are reviewed some basic features 
about self-dual seven dimensional manifolds. In section 4 it is shown that such manifolds have 
restricted holonomy group G2- Section 5 contains a review of the Bryant Salamon construction 
of G2 metrics with quaternionic kahler base spaces. In section 6 the Ward and Calderbank- 
Pedersen descriptions are reviewed and examples of quaternionic kahler and hyperkahler metrics 
are constructed. The m-pole solutions are also discussed in some detail. The vacuum configu- 
rations of the eleven dimensional supergravity related to this metrics are founded in section 7. 
Dimensional reduction of such configurations alone one of the isometries is performed to give 
rise to ten dimensional type IIA backgrounds. 

To conclude, it should be mentioned that the study of explicit metrics with exceptional 
holonomy has also importance in the context of dualities of string theory and M-theory ([P7|]- 
IPOf ). The range of applications of this topic is very wide; some of them can be found in 

m-m. 



2. The exceptional group G2 and the octonions. 

The group G2 C 5*0(7) is one of the exceptional simple Lie groups. It is compact, connected, 
simply-connected and of dimension 14. It has been proved that G2 is the group of au- 
tomorphisms of the octonions O, up to an isomorphism. The octonions (or Cayley numbers) 
constitutes the only non associative division algebra (the associative ones are only i?, C and H) 
and an arbitrary element x G O can be written as a linear combination of the form ~? = x^+x^Ci, 



where the set constitute a basis of 7 unit octonions with the following multiplication rule: 



The a;*'s takes real values. The subspace P of O generated by the elements x = x^Ci is called 
the space of "pure octonions", and the total space can be decomposed as O = -R0P. The 
constants Cijk that define the multiplication ( |2.1| ) are totally antisymmetric and 

Cl23 = C246 = C435 = C367 = C651 = C572 = C714 = 1, (2-2) 

up to an index permutation. The constants corresponding to another set of indices are iden- 
tically zero. From (|2.1|) and (|2.2| ) it is seen that (e^e'^)e^ — e'^(e'^e^) = — e^, which shows the 



non-associativity of the octonion algebra. For this reason the octonions cannot be represented 
as a matrices and do not satisfy the Jacobi identities. In other words, the algebra of O is not 
a Lie algebra. 

It is possible to represent the components of an arbitrary octonion as a 7-dimensional vector 

X = {xi, ...,Xj). We define the octonion numbers glc' as those with components g.X , where 
g is an arbitrary 7x7 matrix. The statement that the exceptional group G2 is the group of 
automorphism of the octonions means if x ^ P , gx & P if g is any of the elements of G2 in the 
fundamental irreducible representation; and that if x.y = z for given x, y and z belonging to 
gx.gy = gz. 

Over O it is defined an internal product {,) : O x O ^ R given by 



{ei,ej) = 6ij , (2.3) 

from where it is obtained that 

ix,y)=xY. (2.4) 

Taking into account all the facts mentioned above it is possible to construct a three-form 
over a seven dimensional space V, which is G2 invariant. This form is fundamental in this work 
because its closure has implications about the holonomy group of V. The construction follows 
decomposing the octonion space as O = -R0P , and defining over P the bilinear B{x,y) and 



the internal product <,>: P x P Rhy the identities 

(x°eo + X, y^eo + y) = xV+ <x,y> , (2.5) 

(x% + s)(/eo + y) = (xV- < x,y>)eo+{x'^y + y°x + B{x,y)) . (2.6) 
Under an automorphism transformation B{x,y) and <, > satisfy 

B{gx,gy) = gB{x,y) , (2.7) 

Bix,y) = -Biy,x) , (2.8) 

< 9x,gy >=< x,y> . (2.9) 
From ( P?^ ) and (P?^), it is seen that 

^{x, y, z) =< B{x, y), z >=< B{gx, gy),gz >= (^{gx, gy, gz) . (2.10) 



In other words, the trilinear ^{x, y, z) =< B{x, y), z > is G2 invariant. From the rule (|2.1|) 
and the definition (|2.6| ) it follows that components of $ are 

$(e„, Cb, Cc) =< P(e„, Cb), Cc >= Cabc , 



and that 

From the invariance of $ under the action of G2 it follows that for a given real vector space V 
of dimension 7, with ei, .., 67 a basis for V, the three form 



<^{x,y,z) = ^Cabce'' Ae" Ae'' (2.11) 



is G2 invariant. 



3. Self-dual manifolds in 4 and 7 dimensions. 



The self-duality condition is a familiar concept in quantum field theory and in general 
relativity. By definition the curvature tensor Rab = dwab + Wac A Wcb of a Riemannian metric is 
self-dual if ^ 

-^ab '^^abmnRmm (3.12) 

or, in components 

Rabcd = -eabmnRn^ncd. 

Non trivial solutions of this type has been found in the past [Q. They are called "gravitational 
instantons" if their are Euclidean and with finite energy. It has been shown that in four 
dimensions a torsion-free metric that satisfies ( p.l2| ) will be a vacuum solution of the Einstein 
equations without cosmological constant ||44|| . 

In seven dimensions ( p.l2| ) is generalized as ITF] 

Rab = -CabcdRcd ■ (3.13) 

where the totally antisymmetric Cabcd are defined in terms of the octonion structure constants 
(|2.2|) through the relations: 

Cabcd = ^e"^^Ce/g . (3.14) 

This generalization has been related to the octonions because the solutions of ( p.l3| ) will be 
not only vacuum solutions of the Einstein equation without cosmological constant, but Ricci- 
flat, which is one of the main features of the G2 manifolds. This follows directly from ( p.l3|) , 
the antisymmetry of (|3.14|) and the Bianchi identity Rd[ebc] = as 

Rab = Racbc = ^CacdeRdebc = ^CacdeRd[ebc] = . (3.15) 

Indeed, it will be shown in the next section that seven dimensional self-dual manifolds have 
restricted holonomy G2. For such case the Weyl tensor Cabcd defined by 

R 1 

Cabcd = Rabcd+-, TTT ^ {gacdbd— daddbc) — 1 —^{QacRbd — QadRbc— gbcRad+ QbdRac) (3.16) 

{n — l){n — l) [n — 2) 



will be equal to the Riemann tensor. The first one is traceless, in consequence Ricci-flat 
manifolds have traceless curvature tensor. 



Many authors presents the seven dimensional self-duahty as a property of the spin connec- 
tion, namely 

(3.17) 



or, equivalently. 



^ab — —Cabcd^cd, 



Cabc^bc — 0. 



(3.18) 



In a clear proof that the definition ( ^.17| ) implies ( |3.13D was given. It is based in the 
following identity for the octonion constants 



^abcp^defp 



^Cab\deSe]b " 2Crfe/[a5fe]c + Q6^^6^6l^^ - 2Cdef\ah]c- 



-^def[aOb]c 



(3.19) 



If ( p.lTp holds it is clear that dul will be self-dual. The self-duality of uj^ A uol follows using 



that 



1 1 f 

-CabcdUJe A CUrf = -CabcdCedf g^^e A 
= -^CabcdUJe A + 2UJ'^ A . 



The identity ( ^.19| ) has been used here. From ( |3.2CI| ) is seen that 



(3.20) 



:CabcdUJt A uj2 = uj^ A uj'^ 



which implies the self-duality of R. The definition ( p. 171) implies ( p.l3[) , but the converse is not 
necessarily true. 



4. The holonomy group of the metric obtained. 

The purpose of this section is to show that seven dimensional self-dual manifolds has restricted 
holonomy 6*2 • Holonomy is the process of assigning to each closed curve of a manifold the 
linear transformation that measures the rotation resulting when a spinor or vector field is 
parallel transported around the given curve. The set of holonomy matrices constitutes a group, 
the holonomy group of the manifold. If it is considered only those curves which are contractible 
to a point it is the restricted holonomy. In simply connected manifolds both groups coincides. 

From the Berger list |I|] it follows that if a seven dimensional manifold admits only one 
covariantly constant spinor it will have G2 restricted holonomy. It will be shown now that the 
seven dimensional self-dual manifolds admits exactly one. The covariant derivative of a spinor 
1] is 

DiV = (di - ^ujiabl^'')r] . (4.21) 

Choosing its components as 

Va = Sa8 (4.22) 
it is obtained ^ 

DiV = -^^iabl^^r}- 



One of the possible representations of the 5*0(7) gamma matrices is the antisymmetric and 
imaginary given by 

where the constants d^^^ are zero if a or /3 are equal to 8, and the octonion constants in 
other case. In this representation {■y"'^ri)a = Cabc- Using (|3.18| ) it follows that 

1 1 

DiT] = --Uiabl^^r] = --UiabCabc = 0. 

With this election for the gamma matrices, this is the only spinor that satisfies the last 
equation. But the result must be independent of the representation, which implies that the 
seven dimensional self-dual manifolds admits exactly one covariantly constant spinor and their 
holonomy is 6*2 • 

The change of an arbitrary field \E' under infinitesimal parallel transport is 

= GabSA^^^ , (4.23) 

where SA""^ is an infinitesimal area element spanned by the closed curve taking into consider- 
ation. Gab = RabccF'^'^ generate the infinitesimal holonomy group, being T'^'^ the generators of 
SO{m) in the representation of the field \E'. The restricted holonomy can be larger than the 
infinitesimal one. 

It has been mentioned in the introduction that for G2 manifolds it is possible to construct 
a G2 invariant closed and co-closed three form. For this reason it is needed to check that 
this holds for seven dimensional manifolds with self-dual spin connection. The most natural 
candidates to consider are the G2 equivariant 3- form $ ( |2.11| ) and its dual *$ [J3 



$ = ^Cabcc'' A A e% *$ = ^Cabcde" A A A e". (4.24) 
Taking into account the identity 

^abpCpcde '^^a[cd^e]b '^^b[cd^e]a 

it is obtained 

1 1 

= -^Cabce" Ad' A Lu"^ Ae'^ = -^CabcCcdefe" Ad' A uj^f A d^ 

= J^ Caded" Ad^ A Ueb A 6* = -2d$ . 

From here follows 

rf$ = . (4.25) 
So, $ is a closed form. Similarly, using (|3.19|) follows that 

^ * * = -TTZ^^abcdUJae A A d' A A c'^ = --^CaefgCabcd^^^^ A A d" A e" A c'^ 

4!6 4!12 

= -^(^fbcd^^" Ad" Ad" Ad" A d^ = -2d * $ , 
which implies the closure of *$. 



5. The Bryant- Salamon construction 



A construction of G2 manifolds starting with four dimensional quaternionic Kaliler manifold 
as a base space has been given by Bryant and Salamon in |^ and reconsidered recently in . 
Those spaces are constructe as bundles over a quaternionic base. In the hyperkahler limit 
the bundle will be trivial, i.e, it will be the global product of the hyperkahler one with R^. 

Before describe this construction it is convenient to review certain propierties of quaternionic 
spaces. By definition a quaternionic Kahler space is a Riemannian space of real dimension 
AN endowed with a metric 

ds'^ = g^y{x)dx^dx'' 
and a set of three complex structures .r£ satisfying the quaternionic algebra 

JTJI' = + e^.fc^'"- (5.26) 

The metric is quaternionic hermitian: 

gi.rX, .rY) = g{X,Y), 

from where follows that J^^ = —J^p- The holonomy group H C Sp{n) x Sp{l), and if the 
manifold has scalar curvature equal to zero it will be called hyperkahler. From the complex 
structures J* is possible to construct the hyperkahler triplet of 2-forms given by 

n^ = ^Y^,dx^dx''; ni^, = g,MX- 

and the three local 1-forms 

= 00"^- Jl^ (5.27) 

where a;'"" represents the antiself-dual part of the spin connection. The hyperkahler form is 
covarianly closed with respect to the connection ; namely 

V^Vl' = dVt + eijkA^ A = 0. 

Defining the SU{2) curvature 

F' = dA' + ei.kA' A A\ 

it follows that 

F' = kVlK (5.28) 

Here k denotes the scalar curvature. Any quaternionic metric is an Einstein space with curva- 
ture n and 

Rmn '^l^gmn- 

It is important for the purposes of the present work to remark that in four dimensions a 
quaternionic-Kahler metric is an Einstein metric with self-dual Weyl tensor 

Wab = -l^^cd- 

In the hyperkahler case k = 0, so will be flat and the manifold will be Ricci-flat. 
The Bryant Salamon result is that the following 



ds^ = jdu' + e'^^A^u^f + V2/t|M|2 + cdsl (5.29) 

'2k|uP -|- c 



is a G2 holonomy metric. An straightforward proof can be found in the reference there is 
shown that ( p.29| ) has a self dual spin connection and in consecuence the restricted holonomy will 
be G2- The metric dsl corresponds to the quaternionic base space; the total one is topologically 
an bundle with coordinates Ui, and c is an integration constant. 

In the hyperkahler limit k = it is possible to gauge away the connection A*; the resulting 
manifold is the trivial product of by the hyperkahler manifold, which is non-compact and 



with holonomy 6*2 • Non-compact backgrounds are of interest in M-theory as well p6|. But 
it should be noted that a manifold that is globally the cartesian product of with any four 
dimensional manifold with self-dual spin connection will be a G2 holonomy space. The reason 
is the following: the spin connection obviously will be independent on the coordinates of R^ 
and the condition (|3.17|) will reduce to the ordinary self-duality condition in four dimensions 
; it follows that if the four dimensional base space is self-dual the restricted holonomy will be 

Expressing the part of ( |5.29 ) in polar coordinates it is obtained the following expression 



where gab and ^ are the metric and the killing vectors of S*^ respectively. In this coordinate 
system is more clear that the metric is asymptotically a cone; in the limit r ^ 00 it is seen 
that 

where the part related with f2 is independent of r. In other words, for large r ( p.29| ) is a cone 
over a six dimensional space constructed as an S*^ bundle over a quaternionic kahler space with 
the metric ds\. This six dimensional manifold has "weak" holonomy ^[/(S) |P]; such manifolds 
are of great interest in compactification of the type IIA supergravity. 



6. Toric quaternionic geometry in four dimensions. 

6.1 The Ward and the Calderbank-Pedersen descriptions 

In the last subsection it has been described how to construct G2 holonomy spaces starting with 
hyperkahler and quaternionic kahler ones. The aim of this work is to investigate the case in 



which there are two commuting isometrics. The hyperkahler case was discussed in and is 
related with the monopole solution appearing in the context of the (2 -|- 1) Einstein gravity ^ . 
The main result needed here is that the four dimensional euclidean metric 

ds^ = Vr^{dp^ + djf + p^dcj)"^) + V-\dil) + pVf,d(t)f (6.30) 

will be hyperkahler if and only if the function V is an Axisymmetric Harmonic Function (AHF), 
i.e, if it satisfies the monopole equation 

V^r, + p-\pVp)p = Q. (6.31) 



The metric ( |6.30|) has an f/(l) x U{1) isometry because the two killing spinors ^ and ^ 



dip 



commutes. 

Many properties of the AHF are well know. It has been shown |^ that any solution V of 
the equation 

V,,-p-\pV,), = 



can be expressed in integral form as 



V{r], p) = — r G{psen{d) + 7])dd. (6.32) 

Here G{x) denotes an arbitrary function of one variable. For a given solution V{ri, p) the 
function V{ir], p) will be a solution of ( |6.31| ), and W{rj, p) = V{iri, p) + V{—iri, p) will be a real 



AHF. This integral representation will be used in the following sections. 

In a recent work Calderbank and Pedersen have given a complete description of the four 
dimensional non-Ricci fiat Einstein metrics with self-dual Weyl tensor and two commuting 
isometries, in terms of certain eigenfunctions of the hyperbolic laplacian in two dimensions 



This case is of interest as well, because such metrics will be quaternionic-kahler. 
Their statement is that for any Einstein-metric with self-dual Weyl tensor and nonzero 
scalar curvature possessing two linearly independent commuting Killing fields there exists a 
coordinate system in which the metric g has locally the form 

F2-4p2(F2 + F2)dp2 + dr/2 
9 = 



4F2 p2 

[{F - 2aFp)a - 2pF,(3f + [-2pF,a + (F + 2pF^)(3f 

F^[F^-4p^{F^ + F^)] ' ^ ■ ' 

where a = ^/pd(f) and (3 = {dip + ridcf)) / ^/p and -F(p, rf) is a solution of the equation 



3F 

F,, + F,, = —. (6.34) 



on some open subset of the half-space p > 0. On the open set defined by > Ap^i^F^ + F^) 
g has positive scalar curvature, whereas < Ap^i^F^ + F^) -g is self-dual with negative scalar 
curvature. 

It follows that quaternionic metrics with torus symmetry has positive signature. The three 
1-forms (|5.27|) have a remarkable simple expression in terms of F, 



A- = '-[-pF^'j u'-F^pF,)'^], A^='^, A'^l. (6.35) 

and the relation (|5.28|) holds with n = 1. 

Both statements presented here can be interpreted as methods to construct quaternionic 
kahler and hyperkahler geometries starting with solutions of two linear equations of second 
order, namely (|6.31| ) and (|6.34|) . As we will see, this equations are related by a Backglund 
transformation, which implies any solution of one of them allow us to construct a solution of 
the other one. This fact can be exploited to find examples of quaternionic metrics. 

6.2 The Backglund transformation. 



To prove that (|6.31|) and (|6.34|) are Backglund transformed it is needed to introduce the Joyce 



system of equations 

(So), + (5i), = So/p, {So\ - (5i)p = (6.36) 



where 5*0 and 5*1 are unknown functions. Selecting 5*0 = Hp and Si = Hn the second equation 
will be trivial and the first became Hpp + if^^ = Hp/p {H is usually called a Tod coordinate). 
Now, taking H = p^/'^F it follows that F satisfies (|6.34|) . Conversely, selecting 5*0 = — pK? and 
Si = pVp the first equation is trivial and the second one is + p~^{pVp)p = 0, in other words 
V is an AHF. 



It is seen that a solution V of ( |6.31D allows construct a solution F of ( |6.34| ) integrating the 
system 

Hp = -pVr,; Hr, = pVp (6.37) 

and defining F = H/p^/"^. Conversely, a solution F of ( |6.34D allows to construct a solution 
V of ( |6.31| ) defining H = p^^^F and integrating ( |6.37| ). By construction the equation for F 



is the integrability condition for V and viceversa; the relation between them is an example of 
a Backglund mapping. This gives a method to construct quaternionic-kahler metrics starting 
with an hyperkahler example and viceversa, in both cases there is a torus symmetry. The 
representation ( |6.32|) together with (|6.37|) can be exploited to find non trivial examples of 



quaternionic kahler spaces, with only selecting an arbitrary function of one variable. This is 
the purpose of the next subsection. 

6.3 Examples of quaternionic spaces with torus symmetry. 

The following are quaternionic metrics constructed starting with an arbitrary function G(x). 
A. The trivial four dimensional toric metric 

ds"^ = dp^ + drf + p^dcj)^ + d'4)'^ 

corresponds to the monopole 

V = T] 

(This AHF holds using G{x) = xLog{x) in the integral expression ( |6.32| )). The equations (|6.37|) 
are in this case 

Hp = — p; H^ = 0, 

and the eigenfunction F is given by 

2 

The insertion of the last eigenfunction in ( |6.33| ) gives the following metric: 



2dp' + 2dTf p2(i^3 )^ 2(g^7 ) 8 16r7,,,, ,^ 

g = ^ '- - ^ \ J -dr - — # ^d(f)dip. 6.38 

p^ 2p'^ p* p* 



The inequality F"^ < 4p^(F^ + F^) holds for p > 0. Invoking the alderbank-Pedersen theorem, 
we see that for p > the quaternionic kahler metric is -g. In this case k = —1 and the three 
1-forms A* are 

P p p^ p^ 

The metric constructed in this example is defined for all the positive values of p. 
B. With the function G{x) = Log{x)x^ it is found the monopole 



V = 3rip^ - 2ri^ 



and the hyperkahler metric 

3p2 — 677 



ds^ = (3p2 - Q7]^){dp^ + + p^dcf") + —-^——[d^P + %r}p'd(t)f. 



The Backglund transformed F results 

and the corresponding metric is 

9 = 9pp{dp^ + drf) + g^4>d(j)^ + g^^pdip"^ + 2g^^d(f)dilj, (6.39) 
where the components of the metric tensor are 

_ 4(8r/^ + 6r/V^ + 3p^) 

8r7V^(19 + 5p) + 16r/6(9 + 7p) + p6(l + 35p) + 3r/V(35 + 61p) 



9i}<f> '■ 



9p5(p2 - 4r/2)2(8r/4 ^ g^2p2 ^ 3p4) 

Q4{4r]^ + p^) 

"9p4(p2 - 4r72)2(8r/4 + 6r/2p^ + 3p^) 

32(8r/5 - p2r73 + 3r7p4) 



9p4(p2 - 4r/2)2(8r/4 + 6r/2p2 + 3p4) ' 

As in the example A, < 4p^(F^ + F^) for p > 0, -g is a quaternionic kahler metric and 
K = —1. The three forms are given by 

,1 8V ^ 4(p2-2?72) 
— Arj'^ p{p'^ — Arj^) 

2 4 3 4 

^ = 3p(p2-4r72)^'^i ^ = 3p(p2-4r/2)'^'^ + 3p(p2 - 4r/2) 

The metric (|6.39|) is singular at p — > and at the lines 2|p| = \ri\. 

C. The powers G{x) = x" and = Log{x)x'^^^^ can be integrated out giving polynomial 
solutions of higher degree. For instance G{x) = Log{x)x^ gives 

V = 3r]p^ - 2/7^; F = -(Sn^ + 40/7^^ + 15p^). 

V 

The even powers G{x) = x'^^Log{x) can be integrated too, but the expressions of the metrics are 
more complicated by the appearance of logarithm terms. For example, with G{x) = Log{x)x'^ 
it is obtained 



,2 



^ = 6r/2 - p2 _ 5^2 ^ P_ ^ 2(p2 - 2ri')Log{ 



7^2 ri + ^f]^ + p2 

F=\n'- 4^7P' - + p') + ^p'(r?' + p') + 477p2Lo(7( ,^ ' 

d d d _|_ /|^2 _|_ p2-) 



The expression for the quaternionic metric and the hyperkahler one corresponding to such 
solutions is very large and difficult to simplify. 
D. The function G{x) = gives 

V = e±*''/o(p) + c.c 

where In{p) denotes the modified Bessell function of the ffist kind, which are solutions of the 
equation 

p'H"ip)+pH'ip)-ip' + n')Hip) = 0. 
The hyperkahler space that corresponds to this monopole is: 

ds"^ = pli{p){dp^ + drf + p^d(t)^)cos{j]) 

+ pj^^py^,^^) {d^ + + f (^o(p) + h{p))]sin{r^)d<^Y . (6.40) 

The Backglund transformed eigenfunction F is given by 

F = ^ph{p)e^'''^ + c.c. 
and from this solutions it follows the quaternionic metric 

9(p,r^) , ^ , ^ [2p^/H,{p)f5cos{n)-p^l\h{p) + h{p))asin{r,)f 

[2p^'H^{p)acos{r^) + ^p{ph{p) + 2h{p) + ph{p))(3stn{Ti)f 

$(p,r^) ' ^'-^'^ 

where it has been defined 

e(p, ^) = phipf + 2/i(p)/2(p) + ph{pf + Aph{pfctg{i^f + 2/o(p)(/i(p) + p/2(p)) 

and 

$(p,r7) = VA(p)^sm(r/)=^[4p2/i(p)2cos(r7)2-/i(p)2sm(r/)2 + (p/o(p) + /i(p)+p/2(p))2sm(r/)2]. 

It will be quaternionic for the regions of the plane (p, rj) in which < Ap'^{Fp + F^). In those 
regions k = —1. The three one forms are 

A' = hl + tgi'q) + -^t(^(ry)(/o(p) + h{p))]'^ - tg{'n)dp 
I li[p) p 



^/i(p)cos(r7)' ^/i(p)cos(r7)' 

The radial component of the metric ( |6.41| ) shows that some of the singularities are the zeros of 
hip). 



6.4 The m-pole solutions 



In the previous subsection it have been constructed quaternionic-kahler metrics starting with 
an arbitrary AHF and solving the Backglund equations. By completeness it will be discussed 
here the spaces corresponding to the m-pole solutions investigated in |ET| and It has 



been analyzed by Anguelova and Lazaroiu the dynamics of the M-theory on toric G2 cones 
constructed with m-pole spaces as base manifolds in and Such examples leads to 

toric Einstein self-dual spaces of positive scalar curvature which are complete (thus compact) 
and admiting only orbifold singularities. As such, they seem to be the best candidates with 
U{1) X f/(l) isometry for which the physical analysis given in [^] can be applied. In the first 
reference of |^ it has been described the moduli space corresponding to the 3-pole solutions 
and has been shown that they encode some well known examples appearing in the physics, like 
the Bianchi type spaces. It will be shown that the hyperkahler metrics corresponding to the 



3-pole solution are those discussed in ||8| which gives rise to the 3-dimensional Eguchi-Hanson 
like Einstein- Weyl metrics after the quotient by one of the isometrics. The following exposition 
follows closely those given in the references . 

The basic eigenfunctions F of ( |6.34| ) which we need to consider are 



\l{p? + {v-yy 



(6.42) 



where the parameter y takes arbitrary real values. Using the Backglund transformation it 
is found the basic monopole 



Viv,P,y) = -Log[r] - y + ^ + (j] - yf]. (6.43) 
Being the equations for F and V linear, for any set of real numbers Wi the functions 



k+1 

F = Y,WiF{p,r],yj). 

j=0 
k+1 

V = Y,WiV{p,ri,yj) 

j=0 

will be solutions too. For this reason the 2-pole functions given by 



(6.44) 
(6.45) 



-ri — — ; r2 

Vp 



\fp 



are eigenfunctions of the hyperbolic laplacian. The first one gives rise to the spherical metric, 
while the second one gives rise to the hyperbolic metric 



[l-ri 



{dri + d4 + ridei + ridei). 



The relation between the coordinates (ri,r2) and (p, r]) can be extracted from the relation 

Tj — \ + ip 



(ri + ir2y 



r] + 1 + ip' 



The hyperkahler metrics corresponding to both cases are 



ds' = - J—^ {dp' + drf + p'dct?) - + 7i\d^ + (6.46) 



and 



p2 + (r^ - 1)2 _ y'p2 + + 1)2 
p2 + (ry + 1)2 /p2 + _ 1)2 



ds' = ^' • ^' ^_ /' ' ' ^{dp^ + drf + p2rf02) 



, ,y + (ry + 1) Vp^ + (r^ - 1)^ , r,+ l - 1 

+ y I + ( / — / =)# • (6.47) 

/p2 + _ 1)2 _ /p2 + + 1)2 /p2 + + 1)2 ^p2 + _ 1)2 



The general "3-pole" solutions are 



1 b + c/m v^P^ + (?7 + m)2 6 - c/m \/p^ + {t] - m) 
F = — ^ H ^ 1" 



2 7p 2 7p 

By definition — = ±1, which means that m can be imaginary or real. The corresponding 
solutions are denominated type I and type II respectively. It is convenient to introduce the 
Eguchi-Hanson like coordinate system defined by 



p = VWTlcos{e), r] = Rsin{e), 
where 6 takes values in the interval (— 7r/2, 7r/2). In this coordinates 

= l + bR + csin{e), (6.48) 

,-^liF^-,HF^;,F^)l.'.^2^^±^^01±A. ,6.49) 

and the family of self-dual metrics corresponding to the 3-pole are expressed as 

,2 b^-c^ + (bR- cS) , dR^ dS^ , 



[X^bR^cSf 'i?2_i i_^2/ 
1 

(1 + 6i? + c5)2(62 _ c2 + ibR - cS)){R^ - S^) 
*{{R^ - 1)(1 - S^){{bR - cS)dif + {cR - bS)d^f 
+ ((6(i?2 _ i)S + c(l - S^)R)d^ + (c(i?' - 1)5 + 6(1 - S^)R + (i?2 _ S^)dij f) (6.50) 
It has been denoted S = sin{6) here. The expression ( |S.50D includes some well known metrics. 



Let us focus in the type I case. The formulas ( 6.48 ) and ( 6.49|) allows to determine the domain 



of definition of the metric (|6.33| ). When b is nonzero for a given value of^, F = if R = — (1 + 
csin{e))/b and {jF'^ - p'^{F^ + F^)) = if R = [ll^ + + csin{9)) /b. The case c = correspond 
to a bi-axial Bianchi IX metric [^]. The domains of definition are (— cxD,i?oo), {Roo,R±), and 
{R±, oo). In the first two cases the curvature is negative, and in the last one positive, and in 
the two last cases there is an unremovable singularity at i? = R±. In the case 6 = for c > 1 
and c < 1 the metric will be of Bianchi VIII type The case c = 1 corresponds to the 

Bergmann metric on CH^. 



For the type II case, the range of R is (1, oo) but the moduli space is more complex that 
in the type I case. For the lines b = ±c it is obtained the hyperbolic metric if 6 < and the 
spherical metric if 6 > 0. If (6, c) = (1, 0) it is obtained the Fubbini-Study metric on CP^ 
whereas the points (0, 1), (—1, 0) and (0, —1) yield again the Bergmann metric on CH^. Along 
the lines joining (1, 0) with others we have bi-axial Bianchi metric IX, while along the lines 
between (0, 1), (—1,0) and (0, —1) the metric is Bianchi VIII. A more complete description is 
given in |^ . 

The triplet of one forms corresponding to this family of metrics is 



{l + bR + cS) {l + bR + cS) ' 



where it has been defined 
with 

41 - 
— 



a]_ — a\_^ + aI^. + aI_^, 

{b±c/m){SR±m) 



2 



and 

and 
A 



l + bR + cS)^J{l - S^){R^ ± 1) + {SR ± m) 

A' ^b^^/^)\fi^-S'){R'±l) + {SR±my dS 

2{l + bR + cS)^W±l ^ 71^52 ' 



(6 ± c/m)(i?2 ± 1)1/2(1 _ ^2)1/2 (5 ± c/m)^(l - 52)(i?2 ± 1) + ^SR ± mf 



3± 



2J{l-S^){R^±l) + {SR±mY 4(1 - ^2)1/2(^2 ± 1)1/2 



l-52)(^2±l) 

' :{R " +SdR) 



{l + bR + cS)VR^±l v^r^52 

(The sign ± in (i?^ ± 1) depends only on the metric in consideration, it is + for type I and 
— for type II.) 

The Backglund transformed function V reads 



^ , , (b + c/m)^ ri-m + J{ri-mY + p"^ 



P 



(b-c/m)^ n + m+ Mrj + mY + 

+ ^ Log[ . 

2 p 

For the type I case this is the potential for an axially symmetric circle of charge, while the type 
II case corresponds to two point sources on the axis of symmetry. The hyperkahler metrics 
obtained are encoded in the following expression 



+ 



bR + cVT^^ 



R^±(l- 



i?2±(l-52) 



(6.51) 



This manifolds have been investigated recently in and it has been shown that the quotient 
of ( |6.51| ) with ^ gives the Eguchi-Hanson type Einstein- Weyl metrics in D=3. 
The continuum limit of the expressions (|6.44|) and ( |6.45|) are 



F{p,r]) = / w{y)F{p,ri,y)dy. 



V{p,r]) = / w{y)V{p,r],y)dy. 



(6.52) 



(6.53) 



where w{y) is a distribution with compact support in R. A choice of w{y) for which at least 
one of the integrals (|6.52|) and (|6.53|) converges gives rise to an smooth solution. For instance 
for w{y) = y/iy"^ + 1)^ it is obtained the following non-trivial monopole 



V{p,v) 



cos{^Arg{l — 2irj — rf — p^))Log{ 



\i+iv-'^{'^~iv)'^+p'^\' 



\{l-ir]Y + p^ 



and from ( |6.30|) follows an hyperkahler metric. But (|6.52|) is divergent for this distribution. 

To conclude this subsection it should be mentioned that higher m-pole solutions have been 
considered in |Q and p5|, and that quaternionic spaces with torus symmetry have been inves- 



tigated recently in |53] using the harmonic space formalism. 



7. G2 holonomy metrics with torus symmetry and su- 
pergravity backgrounds. 

In this subsection will be constructed the G2 holonomy metrics corresponding to the examples 
A and B. After extend them to a vacuum configuration of the eleven dimensional supergravity 
it will be obtained type IIA backgrounds by reduction along one of the isometrics. 

In it has been found the explicit form of (|5.29| ) when the base space (and, in consequence, 
the total one) has torus symmetry. The expression is 

^2 

ds^ = + — [U^^dcj)^ + U^^dcpdip + U,^^dip^ + Q^dcj) + Q^dif) + gppidif + dp^) + H]. (7.54) 
where it has been defined 



Uii = g^4> + h{r 



h{r) = 1 - 4c/r'^ 

ul{p^ + if) + (u2?7 + ti3P)^ 



2pF2 



„2 , „,2 

f^22 = Qi^i, + h{r) 



2pF^ 



Q4> = h{r)^—[ui{r]du2 + pdu^) - (m2?7 + u^p)dui - Ui{u^ri - U2p)A^], 

^ , , uidu2 — U2dui — uiu^A^ 
= Hr)[ ], 

H = h{r)[\dlt\^ + {ul + ul){A^Y - 2A\u3du2 - U2du3)]. 

The second rank tensor Qab is the metric of the base manifold. The product metric of ( |7.54| ) 
with 

dsli = ds\i + j^ + — [U^^d<p'^ + U^^d<pd'il)+U^^di?+Q^d(t)+Q^d^l)+ (7.55) 



is a vacuum configuration of the eleven dimensional supergravity [|1^]. With the help of the 
quantities 

cti = , 0:2 = , 

detU detU 

h = H + Unoi + 2Ui2aia2 + U22oii-, 

01 =0, 02 = ^, 



the metric ( 7.55 ) is expressed in more simple manner as 

^2 

dsl^ = dslj4 + + — [Uij^dcpi + ai){d(j)j + aj) + h]. 

The last expression takes the usual form of the Kaluza-Klein anzatz 

dsl^ = e-y^G^udx^dx" + e^^ {d(j) + dx^Cf,{x)f. (7.56) 
with the dilaton field and the RR 1-form defined by 

ipD = -;Log{- 



C 



4 2 

Ui2dip + Q 



t/11 

The reduction of ( [7. 561) along 0i gives the following IIA metric: 

ds\ = {^^Y'^{ds^M, + -^ + -—[detUd'4j'' + 2{Ui^Q^-Ui2Q^)d'iP-Ql + U^iH]}. (7.57) 
z n\r j 2Uii 

The components of (|7.57|) are 

9^e = {^^f^ ^jj^^p h{r)Ui2^/pcos{^) 



= {-^^Y^^^^j-^sin{e)cos{^){risin{e) + pcos{e)sin{^)), 
where it have been introduced the spherical coordinates 6', through the relations 

ui = sin{9)cos{ip), U2 = sin{9)sin{ip), U3 = cos{6). 

The range of this coordinates is 6' G [0,7r] and if G [0,27r]; the other components of the 
metric are identically zero. 

The base metric ( |6.38| ) have a singularity at p ^ 0. For this case it is obtained 



t>22 = — + 2ft(r)( ^ — j 

P P P 

Sy , j^^^^^ iul + ul)ri + U2U3P ^ fix') 

U12 = t/21 = — + n[r)[ ~ — —, 

P P P 

2 

Q(t> = h{r) — [ui{r]du2 + pdus) - (m2?7 + U3p)dui 

.2dr] f(x\dx'^) 

-ui[uzri - U2p) n , 

P P^ 

1 Qid/Ti f (x^ ^ dx^j 

Qj, = h{r) — {uidu2 - Usrfui - ) ~ , 

p-^ p p-^ 

H = h{r)[\dl^\' + 4{ul + ul)%- 4^{u,du2 - n^rfwa)] ~ 

p"^ p p"^ 

where denotes all the coordinates except p and the behaviour for short distances was evalu- 
ated. The dilaton field is given explicitly as 



3, ^r^, p\l + 3p)+r]\9 + 7p) ^ , ^ y,{p' + r]') + {u2V + u,p)\ ^ f{x'). 
lLog{-[ ] + r h{r)[ ]} ~ Log{-^ , 



The expression for the RR one form is 

2p{8?7 + h{r)[{ul + uDt] + U2U-ip]}d%p 



C 



p2(l + 3p) + 772(9 + 7p) + 4p/i(r)[M?(p2 + 772) + {u2ri + M3p)2 

Ap^h{r)[pui{r]du2 + prfua) - p(M2r7 + Uzp)dui - 2ui{uzr] - U2p)drj\ 
p2(l + 3p) + 7^2(9 + 7p) + Aph{r)[ul{p^ + 7^2) + {u2r] + MsP)'] 

The components of (|7.57|) diverges in this case for short p, 

/(xO /(xO /(xO 
g^e ^ee ^ 



/(x^p. 



fix') fix') 

p2 p 

The quaternionic space ( |6.39| ) is singular too in the hmit p 0. Using it as a base space 
gives 

8r7V2(i9 + 5p) + 15^6(^9 ^ ^ ^6^^ ^ 35^) ^ 3r/V(35 + 61p) 



U 



11 



+8/i(r)[ 



9p5(p2 - 4r/2)2(8r^4 + g^2p2 + 3p4) 



9p4(p2 - 4r/2)2 J p 



5 



^22 - TTTr-o .2X0/0^4 , c^2„2 , o „4N + ^ ^ 



,4 



,3 



9p4(p2- V)2(8r74 + 6r72p2 + 3p4) ' ' '9p4(p2 - 4r/2)2J p. 
^ 32(8r/5 - 4r7V ^ 3^^4) (^2 ^ ^2)^ ^ ^^^^^ /(xQ 

9p4(p2-4r/2)2(8ry4 + Q^2p2 + 3p4) +^'^^'^^1 9p4(p2 _ 4,^2)2 J ~ p4 ' 

= ^^(^) 3^2 (^4^2 _ p2) {^iivdu2 + pdu^) - (m277 + U3p)dui 

( Sr/ ^ , 4(p^-2r/^) ^ /(^Sc^xQ 

- ^2P)[;^^3vrfP + p(p2_4^2)^^]} - 

^'^ = ^^'^^ 3p2(4r/2-p2) ^^^^^^ - - «i«3[^^^3^cip + p(p2_4^2) ^^]} 

u h( Aru-^|2 , / 2 , 2u 8^ ^ , 4(p^-2r72) 8r/ 
i/ = Mr){|rf«| + (^1 + u,) [-^^2dp + ^(^2 _ 4^2) -2[-^-^dp 

4(p2-2r72) fix\dx') 
+ p(p2-4ri2) ^^]^^^^^^ - ~ 

The dilaton field is expressed through the relation 

_ ^%8r7V(19 + 5p) + 1677^(9 + 7p) + p6(l + 35p) + 3r/V(35 + 61p) 

~ 2"^ 9p5(p2 - 4r72)2(8ry4 ^ g^2p2 ^ 3p4) 

from where follows that 

~ Log[ — =- , p 0. 
p5 

The behaviour of the RR one-form at short distances results 

C ^ fix\dx')p. 
and the components of the IIA metric diverges as 

fix') fix') fix') 

/(xO fix') 

p2 p 



A detailed analysis of the singularities of the backgrounds corresponding to the m-pole 



solutions and their physical interpretation was given in and the interested reader may 
consult those references. 

I thanks to A. Isaev for introduce me in the subject, to M.Tsulaia and A.Pashnev for much 
valuable discussions and to E.Ivanov for point me out certain features about quaternionic man- 
ifolds. Finally, I would like to thanks L.Masperi, B.Dimitrov and D.Mladenov for constructive 
critics and encouragement. 
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